Abstract. The structure of the space LC
Introduction
Legendrian cycles appear naturally in the study of geometric and topological properties of singular spaces. Subsets of R n belonging to various geometrically interesting classes, e.g. piecewise linear spaces, convex and polyconvex sets, submanifolds, sets with positive reach, subanalytic sets, o-minimal sets and certain Lipschitz submanifolds, can be studied by associating Legendrian cycles in SR n , called normal cycles. We refer the reader to the survey [1] for more information and references concerning these constructions and for applications in Differential and Integral Geometry.
The aim of this paper is to understand the structure of the space LC(SR n ) of compactly supported rectifiable Legendrian cycles on SR n . Using slicing theory, we define the support function h T of a cycle T ∈ LC(SR n ). This support function generalizes the classical support function for compact convex sets and is an L 1 -function with values in the group ring Z[R]. Fu's uniqueness theorem can be used to show that the support function yields an embedding of LC(SR n ) → L 1 (S N −1 , Z[R]).
Our first main result is the existence of an almost everywhere defined projection operator π L . For the notation, see Section 1. The Euler characteristic χ(T ) of a Legendrian cycle T is defined in Proposition 1.4 Theorem 1. Let T ∈ LC(SR n ), 1 ≤ k ≤ n. Then for almost all L ∈ Gr o (n, k) there exists a unique Legendrian cycle π L (T ) ∈ LC(SL) whose support function equals the restriction of the support function of T to S(L).
The functionals T → π L (T ) are Lipschitz (with respect to mass M and to flat norm F) in the average, i.e. there is a constant C = C(n, k) with
For almost all L, χ(π L (T )) = χ(T ).
The ring structure of Z[R] is used to define the Minkowski sum of two Legendrian cycles, which generalizes the classical Minkowski sum of compact convex sets. If the Minkowski sum of two Legendrian cycles exists (which is not always the case, as it is shown by an example), then its support function is the product of the support functions of the summands.
The group GL(R n ) acts in a natural way on LC(SR n ). We show that after deforming one of the two summands by a linear map, the Minkowski sum exists:
Theorem 2. Let T 1 , T 2 ∈ LC(SR n ). Then for almost all g ∈ GL(R n ), the Minkowski sum T 1 ⊕ g(T 2 ) exists.
To each Legendrian cycle T , one can associate real invariants Λ 0 (T ), . . . , Λ n (T ), called Lipschitz-Killing invariants. We use our theory to obtain projection formulas for them. It seems that even in the subanalytic case, the corresponding formulas were not yet stated explicitly, although a direct proof would be easy using the linear kinematic formula.
Theorem 3. Let T ∈ LC(SR n ) and 0 ≤ i ≤ k ≤ n. Then Gro(n,k) Λ i (π L (T ))dµ n,k = Λ i (T ).
(
The notion of Minkowski sum (under the name Euler multiplication) was recently studied by Bröcker ([4] ) in the subanalytic context. This case is simpler, since subanalyticity implies that the Euler multiplication is always defined. He also considered the projection map (push-forward), again it is always defined.
Our approach, which is completely different and relies on Geometric Measure Theory instead of Subanalytic Geometry, has the advantage of yielding results for all classes considered above, including sets with positive reach and polyconvex sets. Besides that, it uncovers some hidden structure on the space of Legendrian cycles, which is interesting in itself.
Thanks. I would like to thank Ludwig Bröcker, Georges Comte and Daniel Hug for interesting discussions.
Definition of the support transform
Notation. Besides standard notation from Geometric Measure Theory (as in [7] ), we will use the following notation.
The unit sphere in a Euclidean vector space V will be denoted by S(V ). The sphere bundle is given by SV := V × S(V ).
The space R K (SR n ) of i.m. rectifiable currents with support contained in a fixed compact set K admits a norm F K defined by F K (T ) := inf{M(A) + M(B) : T = A + ∂B, A, B ∈ R K (SR n )}. We also define on the space R cpt (SR n ) of compactly supported i.m. rectifiable currents F(T ) := inf{M(A)+ M(B) : T = A + ∂B, A, B ∈ R cpt (SR n )}. If K is the product of a compact convex subset of R n with S n−1 , then there exists a 1-Lipschitz retraction of SR n to K and
The sphere bundle R n × S n−1 is a contact manifold with canonical 1-form α = n i=1 y i dx i (here we used the embedding R n × S n−1 → R n × R n and canonical coordinates (x 1 , . . . , x n , y 1 , . . . , y n ) on R n × R n ). A current T ∈ D n−1 (SR n ) is called Legendrian if it annihilates α, i.e. T α = 0.
Our object of study will be the space LC(SR n ) of compactly supported integer-multiplicity rectifiable Legendrian cycles on SR n = R n × S n−1 . If K ⊂ SR n is compact, we will write LC K (SR n ) for the subspace consisting of currents with support in K. We remark that a similar notion appeared in [13] under the name general normal cycle.
The group ring Z[R] can be naturally identified with the space I 0 (R) of integer multiplicity rectifiable 0-currents on R and inherits the flat norm. Note that R is naturally embedded in Z [R] and that the augmentation map in Z[R] corresponds to the evaluation at 1 in I 0 (R).
The L 1 -norm and the F-norm of an almost everywhere defined function h :
where h 1 ∼ h 2 if and only if h 1 (v) = h 2 (v) for almost all v.
such that the slice is well-defined and i.m. rectifiable.
Example
• Let h K (v) := sup x∈K x, v denote the classical support function of a compact convex set K ⊂ R n . Then the support function of its normal cycleK is given by hK(v) = δ h K (v) ∈ I 0 (R).
• Let M ⊂ R n be a smooth, compact submanifold. For almost all v ∈ S n−1 , the restriction of the height function R n → R, x → x, v on M is a Morse function. Then hM (v) = j n j δ t j where t j runs through the critical values of the height function and n j = ±1 according to whether the corresponding Morse index is even or odd.
• Bröcker defined a support function for subanalytic sets X ⊂ R n ( [4] ).
It follows readily from Fu's uniqueness theorem that, in the compact case, it coincides a.e. with the support function of its normal cycle. We can describe the support function as in the case of submanifolds using (stratified) Morse theory ( [12] , [5] ). In the subanalytic case, almost each height function is a stratified Morse function on X. Then hX (v) = j n j δ t j , where t j runs through the critical values of the height function and n j is the corresponding Morse index (which is a natural number that can be different from ±1).
) is additive and injective.
Proof. We will write C(K) for a generic constant which depends only on K.
The precise value of C(K) may change even in the same inequality.
a) Since T is a normal current, the slice T, π, v is defined for almost every v ∈ S n−1 . Since u is C(K)-Lipschitz, we get by ( [7] , 1.8.1 and 4.1.14),
Since > 0 is arbitrary, we get the result. c) This is just a reformulation of Fu's uniqueness theorem ( [8] ).
Proof. By Federer-Fleming's compactness theorem ( [7] , 4.2.17 (2)), a subsequence (T i j ) of (T i ) converges in the F-topology to some current T ∈ LC K (SR n ). From Proposition 1.2 b) we deduce that h T i j − h T F → 0 and thus h T = h.
Proof. Note first that χ(T ) exists by the constancy theorem ( [7] , 4.1.7). Let f be a smooth function on S n−1 . From ( [7] , Thm. 4.3.2(1)) we deduce
If T is the normal cycle of a compact subanalytic set X, then χ(T ) equals the Euler characteristic of X ( [4] ). Another representation of χ(T ) will be given in Section 6.
Monge-Ampère-functions
S is called locally vertically bounded if spt(S) ∩ π
There is a bijection between the set of conic Lagrangian cycles S in R n × (R n \ {0}) whose supports project to compact sets under π 1 and the set of compactly supported Legendrian cycles T on SR n . For a given S, T can be identified with S, r•π 2 , 1 , r(y) = y . Given T , one sets S :
Recall that a Monge-Ampère function on an open set U ⊂ R n is a locally Lipschitz function f : U → R such that there exists a locally vertically bounded, Lagrangian cycle S ∈ R n,loc (U × R n ) with
for almost every x ∈ U . Here grad f denotes the gradient of f , which is well-defined for almost all x ∈ U by Rademacher's theorem. By the main theorem of [8] , the current S, if it exists, is unique and denoted by [df ].
Proposition 2.1. Leth : R n \ {0} → R be a homogeneous Monge-Ampère function. Then the restriction h :=h| S n−1 :
is the support function of some T ∈ LC(SR n ).
Proof. Leth be a homogeneous Monge-Ampère function and let
The homogeneity ofh implies that (id,
The cycle (id, ρ λ ) * S has thus the same properties as S. By uniqueness, we must have S = (id, ρ λ ) * S, i.e. S is a conical Lagrangian cycle. Let T ∈ LC(SR n ) be the associated Legendrian cycle. With τ : S n−1 → R n denoting the canonical embedding, we get for almost every v ∈ S n−1 that
Since smooth homogeneous functions on R n \{0} are Monge-Ampère ( [8] ), we obtain the following corollary.
Corollary 2.2. Any function of the form
If the support function of T is of this type, then we call T a smooth Legendrian cycle. If the functions f i merely belong to C 1,1 (S n−1 ) (or C 2 (S n−1 )) then the corresponding result holds as well and we call T of type C 1,1 (or of type C 2 ). Example
• If a compact convex set K with non-empty interior belongs to C 2 + (see [14] , Section 2.5), then its support function is C 2 and hence the normal cycle of K is of type C 2 . 
By translating each triangle a little if necessary, we can assume that there is no cancellation effect for the support function of T :
Spherical joins
Let S i , i = 1, 2 be conic Lagrangian cycles in R n i × (R n i \ {0}) with π 1 (spt S i ) compact. Then the product S 1 × S 2 is a conic Lagrangian cycle in R n 1 +n 2 × (R n 1 +n 2 \ {0}) and π 1 (S 1 × S 2 ) equals π 1 (S 1 ) × π 1 (S 2 ) and is thus compact. Definition 3.1. Let T 1 ∈ LC(SR n 1 ), T 2 ∈ LC(SR n 2 ). Let S 1 , S 2 be the associated conic Lagrangian currents. Define the spherical join T 1 * T 2 ∈ LC(SR n 1 +n 2 ) as the Legendrian current associated to the product S 1 × S 2 .
In the case of real functions (i.e. h T 1,2 (v) = δ f 1,2 (v) for some functions f 1 , f 2 on S n 1 −1 and S n 2 −1 ) this is just the spherical join. For general functions h T 1,2 , we define the spherical join by the above formula. We therefore have proved:
The support function h T 1 * T 2 is the spherical join of h T 1 and h T 2 .
Projections
The oriented Grassmannian Gr o (n, k), k = 0, . . . , n can be written as homogeneous space Gr o (n, k) = SO(n)/(SO(k) × SO(n − k)). Since SO(n) is compact, Weil's formula ([6], 3.22) implies the existence of a canonical SO(n)-invariant probability measure µ n,k on Gr o (n, k).
Let s i denote the volume of the i-dimensional unit sphere and b i the volume of the i-dimensional unit ball.
Since we could not find a precise reference for this statement, we include the easy proof in the Appendix A.
The next proposition is the technical heart of the paper and the induction start in the proof of Theorem 1.
Let L ∈ Gr o (n, n−1). For simplicity, we denote by τ L both the embedding L → R n and the embedding S(L) → S n−1 . By π L we will denote the orthogonal projection R n → L and by
, 4.2.1). Set µ := (π 2 ) * T , this is a finite measure on S n−1 . By Lemma 4.1 a), for almost all
For such an L, we have in particular M(T {d L = 0}) = 0 and therefore
. From the lower semicontinuity of mass, we infer that T has finite mass and is i.m. rectifiable by boundary rectifiability ( [7] , 4.2.16). It is clearly a cycle (even a boundary).
the latter being a manifold. Federer's flatness theorem ( [11] , I5.1.3) implies the existence of an i.m.
and therefore T has compact support. From ∂T = 0 we obtain ∂T = 0. It remains to show that T is Legendrian. We choose the coordinate system (x 1 , . . . , x n , y 1 , . . . , y n ) on R n × R n in such a way that
By hypotheses, T {y n > 0} is Legendrian and integral. It follows that T α = ∂(T {y n > 0}) α = 0 (see [10] for more information on this point). On the other hand, spt T ⊂ {y n = 0} and therefore T (y n dx n ∧ (π L , id) * φ) = 0. Hence T (α ∧ φ ) = 0 for arbitrary φ , i.e. T α = 0 and T is Legendrian. c) Lemma 4.1 b), applied to the function
Since M(π L (T )) < ∞ and u is Lipschitz on spt T , we also get
We will show that for almost all L and for every function f ∈ C ∞ (R × S n−1 ) we have with
Let us first prove a weaker version, namely that the equality holds for every function f and almost every L (note the change of order of words).
Fix f ∈ C ∞ (R × S n−1 ). By Proposition 1.2 a), the function g :
For almost all L, the left hand side of (4) exists and is finite (Lemma  4.1 b) ) and π L (T ) is an i.m. rectifiable cycle. Fix such an L. As was remarked above,
Now we compute that (using
The last line follows from the fact that on spt T ,
From the theory of slicing we get that
Applying Lemma 4.1 b) to g, we see that for almost all L Equation (4) is fulfilled. Let C 1 ⊂ C ∞ c (R) and C 2 ⊂ C ∞ (S n−1 ) be countable subsets which are dense with respect to uniform convergence (e.g. take as C 2 the restrictions of polynomials with rational coefficients to S n−1 ). Then for almost all L ∈ Gr o (n, n − 1), (4) holds for every function f of the form f (x, v) = f 1 (x)f 2 (v) with f 1 ∈ C 1 , f 2 ∈ C 2 . Let L be such an oriented plane.
Both sides of (4) are continuous with respect to uniform convergence of f , as follows from (2) and (3) . From the density of C 2 we deduce that (4) is even fulfilled by every function of the form f 1 · f 2 with f 1 ∈ C 1 and f 2 ∈ C ∞ (S n−1 ). We thus get
for almost all v ∈ S(L) and all f 1 ∈ C 1 .
For almost all v ∈ S(L), the masses of the currents on both sides of (5) are finite (as follows again from (2) and (3)). Both sides are thus continuous with respect to uniform convergence. The density of C 1 implies that for almost all v ∈ S(L) 
Proof. a) Apply Lemma 4.1 a) with µ := (π 2 ) * T . By lower semicontinuity of the mass, we get for almost all L ∈ Gr o (n, n − 1)
Integrating over Gr o (n, n − 1) yields Inequality a). b) Fix > 0 and A, B ∈ R cpt (SR n ) such that T = A + ∂B, M(A) + M(B) ≤ F(T ) + . Note that the construction of π L (T ) can be done for any (not necessarily Legendrian) compactly supported rectifiable current and that inequality a) remains valid. In our situation, we get
for almost all L ∈ Gr o (n, n − 1). We thus obtain
Letting tend to 0 finishes the proof of Inequality b).
Proof of Theorem 1. Uniqueness is clear by Proposition 1.2 c).
For existence, we proceed by induction on the number n − k. The case k = n is trivial. The induction start n − k = 1 follows from Propositions 4.2 and 4.3. Suppose 1 ≤ k < n − 1. Fix some l with k < l < n. Denote by A the set of L ∈ Gr o (n, k) such that there exists π L (T ) ∈ LC(SL) whose support function coincides a.e. with the restriction of h T to S(L).
For any f ∈ L 1 (Gr o (n, k)), we have the following formula:
Indeed, fix W 0 ∈ Gr o (n, l) and L 0 ∈ Gr o (W 0 , k). Then SO(W 0 ) can be identified with the elements of SO(n) leaving W ⊥ pointwise fixed. The left hand side of the above equation can be rewritten (using Weil's formula [6] , VIII, 3.22) as SO(n)f (g)dµ SO(n) (h), wheref (g) := f (gL 0 ). The right hand side is given by SO(n) SO(W 0 )f (gh)dµ SO(W 0 ) (h)dµ SO(n) (g). From the uniqueness of the Haar measure, we deduce that both sides are equal up to some factor, which turns out to be 1.
We apply this to the characteristic function 1
Since this is true for almost all W ∈ Gr o (n, l), the right hand side of (6) 
Let us now show the first inequality. Applying the above equality with f (L) := M(π L (T )) and using induction hypothesis yields
The same argument with M replaced by F yields the second inequality. The equation concerning Euler characteristics follows immediately from Proposition 1.4.
Minkowski addition of Legendrian cycles
Since I 0 (R) can be identified with the group ring (Z[R], +, ·), we have a convolution product "·" defined by
Note that the Minkowski sum, if it exists, is unique by Proposition 1.2 c). Trivially T 1 ⊕ T 2 = T 2 ⊕ T 1 whenever one side exists. Example • The Minkowski sum of the normal cycles of two convex bodies K 1 , K 2 ⊂ R n is the normal cycle of their Minkowski sum K 1 ⊕K 2 (compare [14] ).
• The Minkowski sum of the normal cycles of two compact subanalytic sets X 1 , X 2 ⊂ R n is the normal cycle of their convolution (also called Euler multiplication) X 1 ⊕ X 2 , as defined in [4] . For the proof see Proposition 6.2. in [4] . • Corollary 2.2 implies that the Minkowski sum of two smooth Legendrian cycles always exists and is again smooth. In Proposition 5.3 this will be generalized.
The left hand side of this equation is the support function of π L (T 1 ⊕ T 2 ), whereas the right hand side is the product of the support functions of π L (T 1 ) and π L (T 2 ).
Proof. The proof is an easy adaption of the one for Proposition 2.4. in [8] .
It is enough to treat the case h T 1 (v) = δ g(v) with g ∈ C 1,1 (S n−1 ). Let S 2 ∈ R n,loc (R n × (R n \ {0})) be the conical Lagrangian cycle associated to T 2 (compare Section 2). Let us first suppose that g is smooth and letg denote the homogeneous extension to R n \{0}.
, y) and S := G * S 2 . Then S is a conic Lagrangian cycle, whose support projects to a compact set under π 1 .
If g is only C 1,1 , then apply the same approximation as in [8] . In both cases, the support function of the associated Legendrian cycle T is given by
Minkowski addition for Legendrian cycles does not satisfy a cancellation law (see [4] for zero divisors in the subanalytic case).
The fact that the support function of a compactly supported, i.m. rectifiable Legendrian cycle is an L 1 -function yields an obstacle for the existence of the Minkowski sum of two such cycles. Note that the mass M : 2, a) ), but there is no reason for their product to lie again in L 1 (S n−1 ). One can easily construct an example of a Legendrian cycle T in the spirit of the Example in Section 2 such that T ⊕ T does not exist.
Proof of Theorem 2. For the following, it will be more convenient to work with Lagrangian cycles on R n × (R n \ {0}) whose support projects to a compact set under π 1 instead of Legendrian cycles on SR n . See Section 2 for the bijection between these two sets. For Lagrangian cycles, we can define the support function by h S (y) :=ũ S, π 2 , y , whereũ : R n × R n → R, (x, y) → x, y . The restriction of h S to S n−1 is then the support function of the corresponding Legendrian cycle.
Let A : V → W be a linear isomorphism between Euclidean vector spaces and S be a conic Lagrangian cycle on V × (V \ {0}). Then A(S) := (A, (A * ) −1 ) * S is a conic Lagrangian cycle on W × (W \ {0}) and one easily verifies that h A(S) (w) = h S (A * w)
for almost all w ∈ W . In particular, GL(R n ) acts naturally on the set of conic Lagrangian cycles on R n × (R n \ {0}) and for all g ∈ GL(R n ) and almost all y ∈ R n h g(S) (y) = h S (g * y).
Let T 1 , T 2 ∈ LC(SR n ) and let S 1 , S 2 be the corresponding conic Lagrangian cycles. Set S := S 1 × S 2 , this is a Lagrangian cycle on R 2n × (R 2n \ {0}). We can identify GL(R n ) with an open subset of Gr o (2n, n), by sending g to the graph of g * , endowing it with the orientation induced from the one of R n . By Theorem 1, the projection π L (S) of S on the corresponding subspace L = graph g * ⊂ R n × R n exists for almost all g.
Let π 1 : L → R n denote the projection on the first factor and set A :
For almost all y ∈ R n we get
It follows that the Legendrian cycle associated to A(π L (S)) is the Minkowski sum of T 1 and g(T 2 ).
Curvatures and projection formulas
There is a sequence Φ 0 , Φ 1 , . . . , Φ n of n − 1-forms on SR n such that the functionals T → Λ i (T ) := T (Φ i ) are SO(n)-invariant, continuous with respect to flat topology and additive ( [9] ). In the case of normal cycles of compact convex sets or compact subanalytic sets, they correspond (up to some normalization) to Lipschitz-Killing invariants ( [2] ). Different normalizations are used for these forms, we prefer the following one. Fix canonical coordinates (x 1 , . . . , x n , y 1 , . . . , y n ) on R n × R n . We will write dx i 1 i 2 ...i k instead of dx i 1 ∧ dx i 2 ∧ . . . ∧ dx i k and similarly for y. Let S n denote the group of permutations of {1, 2, . . . , n} and sgn(π) the sign of a permutation. Recall that s i is the volume of the i-dimensional unit sphere. Define the forms Φ 0 , . . . , Φ n by
(Strictly speaking, we should take pull-backs of these forms under the embedding SR n → R n × R n ). From the theory of slicing, it follows easily that χ(T ) = Λ 0 (T ). The invariants Λ 0 and Λ 1 are special, as they depend linearly on the support function of T . This was remarked for Λ 0 = χ in Proposition 1.4. For Λ 1 we have Proposition 6.1. Let T ∈ LC(SR n ). Denote by id ∈ C ∞ (R) the identity function. Then
Proof. For every T ∈ LC(SR n ) we have the following equation.
This is known as Minkowski-Hsiung identity and proven via a variational argument in [10] . A direct proof goes as follows. Note first that Φ 1 is homologous to
Under the pull-back to SR n , the first term on the left hand side vanishes (since d( i y 2 i ) = d1 = 0 on SR n ) and the remaining equation is the above one.
From (8) we get
Corollary 6.2. If the Minkoski sum T 1 ⊕ T 2 exists, then
In the case of compact convex sets, Λ 0 (K) = 1, whereas Λ 1 (K) is the mean width of K. Then the above equation is the well-known fact that mean width is additive.
, where 1 is the constant function on R. Integrating this equality over S n−1 yields the above equation.
The next proposition is a kinematic ball formula in the context of Legendrian cycles. Proposition 6.3. Let T ∈ LC(SR n ), 0 ≤ i ≤ n and let B(0, r) be the normal cycle of the closed r-ball in R n . Then
Proof. Denoting G r the geodesic flow at time r, i.e. G r (x, v) = (x + rv, v), we get T ⊕ B(0, r) = (G r ) * T . The result for i = n follows by computing that, up to exact forms,
The general case is reduced to this one by computing Λ n (T ⊕ B(0, r) ⊕ B(0, s)) in two ways (Minkowski addition is associative) and comparing coefficients.
Proof of Theorem 3. The case k = n is trivial. Let us start with the case i = k = n − 1. Fix some L 0 ∈ Gr o (n, n − 1) and some n − 2-form φ on SR n . For arbitrary L ∈ Gr o (n, n − 1), we set φ L := (g −1 ) * φ, where g ∈ SO(n) is such that gL 0 = L (the action of SO(n) on SR n is given by g(x, y) = (gx, (g * ) −1 * )). Then φ L is a well-defined n − 2-form on SR n . We use the same notations as in Proposition 4.2 and its proof.
Setting φ := (−1) n+1 1 {d L >0} dφ, which is a form with bounded Borel coefficients, we obtain from the definition of π L (T )
Integration over Gr o (n, n − 1) yields Gro(n,n−1)
The form φ is an SO(n)-invariant n − 1-form on SR n with bounded Borel coefficients.
Let us now suppose that dφ is invariant under translations of R n (a translation of R n extends to a contactomorphism of SR n in the evident way). Then the same holds true for φ . It follows that φ is a linear combination of the forms Φ 0 , . . . , Φ n−1 (compare [9] , the fact that φ a priori is not a smooth form does not play any role).
We apply this with L 0 := {(y 1 , . . . , y n ) : y n = 0} ∈ Gr o (n, n − 1) and φ := 1 (n−1)! π∈S n−1 sgn(π)x π(1) dx π(2)...π(n−1) . Then the left hand sides of (1) and (9) are equal and the right hand side of (9) is a linear combination n−1 j=0 c j Λ j (T ), with real coefficients independent of T . Inserting sufficiently many examples for T (or using scaling properties of the Λ j ) yields that c i = 1, c j = 0 for j = i.
The case k = n − 1, 0 ≤ i ≤ k now follows from the previous one, Proposition 5.2 and Proposition 6.3 by replacing T by T ⊕ B(0, r) and comparing coefficients.
Finally, the case of an arbitrary k is reduced to the case k = n − 1 with the same technique as in the proof of Theorem 1.
Appendix A. Proof of Lemma 4.1
Proof.
a) Suppose first that µ = δ v is a Dirac measure with v ∈ S n−1 . For any > 0, µ(U (L) ∩ S n−1 ) equals 1 if d(v, L) < and 0 else. Therefore,
Given such an L and > 0 there exists i such that the expression in brackets is less than . Then triangle inequality permits to conclude that lim inf
Since > 0 was arbitrary, we get the result.
